Dynamics of Fractional Distillation
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One of the numerous equations needed to define the dynamics of a distillation column has
been derived. This equation relates the feed composition to the product composition. The deriva-
tion is accomplished by the reduction of the signal flow diagram. The poles and zeros of the
equation are almost entirely determined by the ratio of the tray holdup to the liquid flow rates

and the number of trays.

In order to study the control of any
process it is desirable to have the
equation representing the dymamic
action of the process in factored form,
where both the numerator and de-
nominator may be made up of real
and complex terms, as shown in Equa-
tion (1):

K{s+2z)(s+2z)...(s4 2
+p)s+p).. . (s+p)
(1)

G(s) =

Equations of this form allow one to
study the control of the process by
any of several standard methods.

The complete analysis of a distilla-
tion column requires eight to ten equa-
tions of the form stated above which
would represent the effect of the nu-
merous inputs upon the product com-
position. Some of these input variables
are the feed composition, temperature,
flow rate and state (vapor or liquid),
the reflux-flow rate and temperature,
and the steam-flow rate and column
pressure. The input variables having
only a small effect need not be con-
sidered in the control studies. In this
paper the equations relating the effect
of the feed composition upon the prod-
uct composition have been derived.

The start up of a fractionating col-
umn has been discussed by a number
of authors (8). The conditions at
start up are somewhat different than
when the column is being controlled.
For control studies it is necessary to
know the effect of small disturbances
when the process is operating at steady
state. Wilkinson and Armstrong (3)
and Voetter (2) have considered the
problem of transients for simplified
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cases. Both of these papers also give
other references to fractionating col-
umn dynamics.

Williams et al. (4) studied the con-
trol of a distillation column with an
analogue computer. Their work was
limited to a maximum of five trays
because of the large number of inte-
grators needed. In order to study a
column with 15 or 20 trays a very
large and expensive computer would
be needed. Therefore it seems desir-
able to investigate other methods of
analysis. The method described below
is not limited to any specific number
of trays, and no computer is needed.
The calculations become somewhat
more laborious as the number of trays
increases.

It is not difficult to set up the equa-
tions for the simplified column. The
real problem is to reduce these equa-
tions to the form of Equation (1).
There are a number of methods of
performing this task, with the calculus
of finite differences being perhaps
most often used. In the following the
signal flow diagram will be used to
derive the equation for two reasons.
It is believed the method will be use-
ful to chemical engineers in other
problems, with distillation being an ex-
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cellent example, and the signal flow
diagram show more clearly the effect
of the column parameters upon the
final equation than abstract mathe-
matical methods. Teager (6) and
Campbell (5) suggest the use of sig-
nal flow diagrams for distillation and
present a general diagram for a col-
umn. Campbell does not give the com-
plete reduction of the diagram or a
numerical example.

DERIVATION OF EQUATIONS

The operating conditions assumed
are:

1. Only small disturbances are con-
sidered so that linearized equations
can be used.

2. The vapor holdup is small and
therefore neglected.

3. The plate efficiency is 100%.

4. Fluid flow and heat dynamics
are neglected.

5. The vapor liquid equilibrium is
linear, with a separate equilibrium line
for the stripping and enriching sections.

6. There are constant molal flows
of the vapor and liquid.

7. When ¢=0, the column
steady state.

8. The feed enters as liquid at the
boiling point.

9. There is no holdup in the con-
denser.

10. The reboiler has the same hold-
up as the trays.
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Fig. 1. The signal flow diagram.
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A mass balance around the nth tray
in the enriching section is

L tws + Vs — Lt — Vo — C 2
dt
(2)
Then since y, = mx,, Equation (2)
becomes
L Ynis + Vo, — —Ii Yn—
m m
C dy.
Vy. = g (3)
Divide by L/m; then
Vm
Ynn = T Ynoa— Yn—
vm C dy,
T e @

When one takes the Laplace trans-
form and wmakes substitutions for the
coefficients, Equation (4) becomes

Yo+ Mo — €Y = 0 (5)

At the top of the column a mass bal-
ance after transformation and substi-
tution for the coeficients becomes

Y, Ao/Co Yo Agleo

y3 )\o./co y4

Agmg

e (mgeg-Ag

Agte
yL o/Co

Yy Ag/ce Ya
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o (Mg Co=Ag ) -Agimg
A

1/cq (e)

Fig. 3. Reduction of the signal flow diagram for the stripping
section.

m,

Y= 2

——— (8)
M, ¢, — Y,

At the feed tray which is the Mth
tray including the reboiler as a tray
}‘fxi +R yu-n + A, yu_l— Cs yu =0 (9)

THE SIGNAL FLOW DIAGRAM

—
Yy = Yra (6) The signal flow diagram can now be
c—m drawn as shown in Figure 1. The com-
I . position of the vapor from each tray is
In the stripping section indicated by y and the distillate com-
?"M + )\ﬂ"}‘,;_l — c.,;/_m =0 (7) position yy = x,. The equation repre-
) sentmg the vapor composition on each
At the bottom of the column tray is the sum of all the signals en-
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InN-2 e - ! Xy
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22 X4
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Fig. 2. Reduction of the signal flow diagram for the enriching
section,
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tering the point or node. The terms on
each line are the transfer functions
that give the input-output relationship
between the quantities on the ends of
the line. For example

— _ 1 _
Yun = (X/C)yu +?yu+2

The reduction of this diagram is ac-
complished by a few simple rules.
Truxal (1) and Campbell (5) give
good descriptions of the signal flow
diagrams.

Beginning at the top of the column
one can proceed one tray at a time. It
is obvious that Figures 2a¢ and 2b are
equivalent, since in Figure 2a

?N—l = (1/0)._!/_1‘! -+ ()\/C)’gN—z
and
i
Yy = —m Yna
therefore
. A
Yy = m ¥-1 (A/ 6) Yu

The loop at yx., can be combined with
the signal entering yy. as follows:
zzva — A= Xe -
Yw-2 B A
c(c—m)
rMe—m)

clc—m) —x (197

as shown in Figure 2c.

The next step is to eliminate the
return signal yy., to yr.. as shown in
Figure 2d. The process is repeated
until the feed tray is reached. The
functions between each tray are the
transfer functions relating the compo-
sition of one tray to that of the tray
above. These can be combined by
multiplication to give the transfer
function between any two trays. For
example in Figure 2e, from tray yy..
to x,, the transfer function is
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Fig. 4. Reduced signal flow diagram.
— Ac—m) )
= N-‘ﬂ —
c{c—m) —xr c——my
)‘2
——— 1y, (11)
c(c—m) —x y

If one studies the equations developed
in the reduction, it can be seen that a
definite pattern is followed, so that
one can write down each term without
any calculation.

Now let

¢ =2+/\cosd
r
6 =tan™ —~\/4A—¢* (lla)
c

Then it can be shown that for the N
trays in the enriching section the trans-
fer function is

_ A% sin @

yr =

Yu

m
s1n(N+1)0——(F)sm N¢
(12)

where N is the number of trays above
the feed tray and yx the composition
of the vapor from the feed tray.

After each step in the reduction
there is a loop formed at the tray from
which the return signal has been re-
moved. When one makes the substi-
tution given in Equation (1la), the
general equation for the loop function
H for the N trays in the enriching
section is

H ==
MR [sin N — (m/X**)sin(N — 1)6]

¢, [sin(N + 1)8 — (m/\"*)sin N@]
(13)

The reduction of the diagram for the
stripping section proceeds in the same
manner. The steps are shown in Fig-
ure 3. The original diagram is shown
in Figure 3a. The elimination of y, is
shown in Figure 3b. Then the loop is
eliminated by

1/c¢c,

md )‘v

1 J—
c.(m, ¢, —\,)
M, Co— N,

_—)‘a) _)\vmd

(14)
e.(m. c,

When the process is completed, it will
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be found that the diagram appears as
in Figure 4a. The second loop U is
due to the stripping section. When one
makes the substitution of Equation
(1le), the general equation for the
loop U is

U ——
A 2[m, sin M — A, sin (M — 1) ]

c.[m, sin(M + 1) — A, sin M¢]
(15)
The two loops and the equation for

the stripping section can now be com-
bined to give the over-all equation:

A Co

ample. Let the various parameters have the
following values:

TaBLE 1
m = 0.855 m, = 1.38
A =210 A, =10
a = 0.396 a, = 0.117
R = 0.477 A, =097
N =5 M =4

The zeros of Equation (16) are ob-
tained by solving the numerator for values
of ¢ which make the numerator equal to 0.
That is upon substitution of numbers into
the term in the brackets

sin 5¢ — 0.724sin4¢p =0  (17)
Values of ¢ satisfying Equation (17) are

A2 sin @

Xa

T 1—H—U sin(N+ 1) 6—(m/N=)sinNo *

AN e [mesin(M 4 1) — A, sin M¢]sind

H;,U,—H.U,— H,U,

where H,; and U, are the numerators
and H, and U, the denominators of
the loop functions H and U.

If one were interested in the bot-
toms composition, the same procedure
for the reduction process could be used
to obtain the relationship between the
feed composition and the bottoms
composition.

The zeros and poles are not obvious
in an equation of the form of Equa-
tion (16). The method of converting
to the form of Equation (1) will be
shown in the illustration to follow.

The steady state after a step input
or the zero frequency amplitude ratio
can be calculated from Equation (16).
From the final value theorem the
steady state is obtained by letting s =
0. From Equation (11la)

1
§ =tan — /4N — ¢ =
c

LV —(as+1+12)°
an = =
as+ 1+

t

When s = 0
L VAL — (1 +2)°
14+

Upon substitution of 8., and ¢, into
Equation (16) the steady state value
is obtained. When A =% 1, the term
under the radical is negative. When
this occurs all of the trigonometric
terms above and in Equation (16) are
changed to hyperbolic functions.

8- = tan”

ILLUSTRATION

The responses of the column to any
type of input or feed change can be calcu-
lated from Equation (16). There are a
number of methods of performing this
calculation; however it seems best to first
find the specific poles and zeros of the func-
tion. This can be shown by a numerical ex-
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X4 (16)

most easily found by plotting the curve
sin 5¢

from 0 to n/2 and picking off the
sin 4¢

values at which the curve crosses the
ordinate 0.724. The curve could be plotted
from O to x, but this is not necessary since
the curves from m/2 to & are the same as
the curves from 0 to n/2 reflected in a
vertical line at n/2 followed by a reflection
in the x axis. The values of the zeros are
found from Equation (1la):

oA cos ¢ = Co =1+ ks + oS
or
2h.*cosp — 1 — Ao 2cos¢p — 2

£ = = T 0186
(18)

The specific values are given in Table 2.
In the conversion from the trigonometric
form to the form exhibiting the roots of
the polynomials it is necessary to factor out
the terms % and o. In addition each of the
terms in the brackets of Equation (16) has
associated with it a sin @ or sin ¢ term. All
of the sine terms cancel except sin 4.
For example

sin 5¢ — 0.724 sin 4¢

sin ¢

= ath? (s + 1.16) (s + 5.87)

(s 4+ 15.03) (s + 18.2)

In other words a.” A, occurs as a co-
efficient of the term on the right.

The poles of Equation (16) are some-

what more difficult to obtain, but perhaps

a graphical procedure is the least difficult.

TABLE 2. SYSTEM ZEROS

¢ S
0.47 —1.16
1.10 —5.87
1.98 —15.03
2.35 —18.32
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After substitution of the numerical values
the denominator of Equation (16) is

¢s [c; (sin 68 — 0.59 sin 56) (sin 5¢
— 0.724 sin 4¢) — 0.69 (sin 56
— 0.59 sin 40) (sin 5¢ — 0.724 sin 4¢)
- (sin 60 — 0.59 sin 50) (sin 4¢

—0.724sin3¢)] =0 (19)

The ¢, outside the brackets cancels the ¢,
in the numerator of Equation (16). It is
necessary to find the values of 6 and ¢
which satisfy Equation (19) and then in
turn the corresponding values of s. First
find the zeros of each of the four terms in
Equation (19) by the method just given
for calculating the zeros of the complete
equations. The equations to be solved are

sin 56 sin 5¢
= 0.59 = 0.724
sin 46 sin 4¢
(20)
sin 66 sin 4¢
= 0.59 = 0.724
sin 56 sin 3¢

The values of ¢ for the third equation have
already been given. Noting that ¢, = 0.186
(s 4 10.75) and upon substitution for the
other roots one gets for Equation (19)

{s + 0.704) (s + 1.16) (s + 3.097)
(s 4+ 5.87) (s + 7.10) (s + 10.70)
(s 4+ 10.75) (s + 13.68) (s + 15.03)
(s + 18.34) — 13.9 (s 4+ 1.05)
(s + 1.16) (s + 4.45) (s + 5.87)
(s 4+ 9.09) (s 4 13.17) (s + 15.03)
(s 4+ 18.32) — 28.9 (s 4 0.704)
(s 4+ 1.817) (s + 3.097) (s 4 7.10)
(s + 8.92) (s + 10.70) (s -+ 13.68)
(s + 18.14) = 0 (21)

The values of s satisfying Equation (21)
can be found, although the process may be
a little tedious. The graphical procedure
involves plotting the sum of the two nega-
tive terms and the first term. The points of
intersection are the values of s satisfying
Equation (21). Since the zeros of each
part are known, it is not difficult to find the
approximate locations of the curves and to
estimate the points of intersection. Then a
few calculations will give the zeros of the
complete equation. For columns with a
large number of trays the process becomes
very difficult. However it is relatively easy
to set up the program for the determination
of the zeros of Equation (21) on a digital
computer. The final equation is

o2

@l

Xo /%

/

A

3 e r
TIME ., MINUTES

Fig. 5. Response to a step input.

The range of values covered by the poles
and zeros in Equation (22) is quite large.
The equation can be simplified, since poles
which are more than ten times the smallest
will have little effect upon the response to
input changes. The poles of high value are
eftective at high frequencies only, but the
amplitude ratio then is very small. Un-
fortunately there seems to be no easy
method of calculating the significant poles
without completing the calculation above.

PLATE EFFICIENCY

The tray efficiency was assumed to
be 1009 in the derivation of Equa-
tion (22). When the efficiency is not
100%, the general method can be
used with the slopes of the equilibrium
curve modified by

m= (1—E)L/V + Em®
(1—E)(F +L)

m, = Em,*
v +hm

(238)

when m* and m,* are the slopes when
E = 1.

CONDENSER AND ACCUMULATOR
CAPACITY

In the previous calculations the
condenser liquid holdup was con-
sidered to be 0 in order to simplify the
calculation. When the holdup is not
0, then certain modifications must be
made in the equation. The equation
for the top tray becomes

Yr =

XYy — M %
- 24
p (24)

and for the condenser, when one as-
sumes a first-order lag

ceeds in the same manner as previ-
ously. The equation for the enriching
section is now

‘Ivﬁ‘
_ A2 sing —_
o= ¢ sin(N + 1) — mx** sin N yx
(26)

and the equation for the loop function
H is
H =
MPR[ ¢’ sin No — mA*sin (N — 1)8]
¢.[¢ sin{N + 1)§ — mx**sin N§]
(27)

The problem of locating the poles of
Equation (26) and the poles and
zeros of Equation (27) is now slightly
more difficult. For example in Equa-
tion (26) the poles correspond to
values of # which make the denomi-
nator 0. Now

I\N?cosf—1—A
8§ =

o
and
¢ =ma's+ A=

, 12 —1—2x
me’ {2\ cos 8 ) a

124

Therefore the poles correspond to the
values of ¢ which satisfy
sin(N +1)8
sin N9
m\’a

me (BN cosf— 1 —A) +ah

m/xl/.‘!

(28)

ne (2 cos§ —1—1) +1

al

840 (s + 1.16) (s 4 5.87) (s 4 15.03) (s 4 18.32) x¢

Y= 5 + 0.360) (s + 0.905) (s + 2.50) (s + 4.20) (s + 6.80) (s + 9.50) (s + 11.80) (s + 13.80) (s + 17.80) (s + 18.8(02)2)

Equation (22) is now a form from
which it is not difficult to calculate the
responses to any of several inputs. The
response to a step input in the feed con-
centration is shown in Figure 5 and the
frequency response curves in Figure 6.
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Ao A
~ m(a’s+D/L+1) e

(25)

The signal flow diagram can be drawn,

and the reduction of the diagram pro-
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These values of  can be found by
plotting the right side of the equation
on the same graph as the left side. The
points of intersection are the values of
6 that satisfy Equation (28). This
process can be implified if mC/L = a.
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Fig. 6. Frequency response.

Similarly the equation for the bot-
tom of the column can be written to
take into account the capacitance of
the reboiler if it is different from that
of a tray. Unless the reboiler capaci-
tance is very large, the effect on the
response will be small.

CONCLUSIONS

Inspection of the equations and the
signal flow diagrams reveals some in-
teresting facts.

1. Equation (22) shows that the
zeros and poles are all real and nega-
tive. Therefore the column is always
stable and the transient responses are
overdamped.

2. Figure 2d shows that between
any two trays in the enriching section

yn

K(s + z)(s + 22) . . . (s + Zwon)
AP+ P)- Gt pana) O

3. From Figure 4a¢ it is seen that
the function for the enriching section
has only poles equal in number to the
number of trays above the feed tray.

4. The loop function H produced
by the enriching section [Equation
(13)] indicates that the function has
N—1 zeros and N-+1 poles.

5. The loop function U produced
by the stripping section [Equation
(15)] has M—1 zeros and M+-1 poles.
M includes the reboiler as a tray.

6. The complete equation for the
column, that is Equations (16) or
(22), has M zeros and M+N-+1 poles.

7. The values of ¢ and ¢ corre-
sponding to zeros or poles in the equa-
tion are primarily functions of the
number of trays as can be seen from
Equation (17). The constant in the
equation, a function of V, L, and m,
has little effect upon § or 4.

8. The values of s, corresponding to
8 and ¢ are primarily functions of o =
C/L and «, = C/(F+L), as can be
seen from Equation (18). That is the
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tray capacitance and the liquid flow
rates determine the magnitudes of s;.

9. The values of the poles of the
over-all function as shown in Equa-
tion (22) and determined from Equa-
tion (21) are difficult to relate directly
to the column parameters.

10. The responses of the system are
determined by the significant poles
and zeros, that is those nearest the
origin. Poles and zeros which are more
than ten or more times as far from the
origin as the closest ones will have
little effect upon the responses. The
result is that although the complete
equation indicates a system of order
M+N-+1, the system can be satisfac-
torily represented by an equation of
order 3 or 4.

11. The m which is used in the cal-

culations is the slope of the equilib-
rium line and is a function of the tray
efficiency. The effect of a change in
the efficiency is negligible upon 4 and
¢, and as pointed out in item 8 above
the effect upon s, is also small.
12. The addition of a finite condenser
lag or capacity can be included in the
equations, but the calculation of the
poles of Equation (26) and the poles
and zeros of Equation (27) becomes
somewhat more difficult. The equation
for the column now has M zeros and
M+4N+2 poles.
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NOTATION

x = bar indicates transformed var-
iable

= function as defined in paper

=14+ x4+ as

=ma’ s+ X

= tray capacitance

ONGE
|
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product-molar flow rate

tray efficiency

feed-molar flow rate

transfer function

function as defined by Equa-
tion (13)
constant
liquid-molar flow rate

slope of the vapor liquid equi-
librium curve
top tray of the stripping sec-
tion and the feed tray = num-
ber of trays in the stripping
section including the reboiler
as a tray

top tray of the enriching sec-
tion = number of trays in the
enriching section

oles

m,L/m(F + L)

independent variable in trans-
formed equations

time

function as defined by Equa-
tion (15)

vapor-molar flow rate

change from the steady state
in the liquid concentration
change from steady state in
the vapor concentration
Zeros

i

o

RO O mQmEY
I

2
i

=
(|
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Greek Letters

o = C/L

o = C,/L

] = tan™ \/4\—c/c

A = Vm/L

As = Fm,/(F + L)

$ = tan™ \/4rc—c2/c,

Subscripts

1,2... = tray numbers, starting from
the bottom

a = accumulator

d = product

m = mth tray in the stripping sec-
tion

n = nth tray in the enriching sec-
tion

a = stripping section
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